We present an analytical model for the bending of liquid jets and sheets from temperature gradients, as recently observed by Chwalek et al. ͓Phys. Fluids 14, L37 ͑2002͔͒. The bending arises from a local couple caused by Marangoni forces. The dependence of the bending angle on experimental parameters is presented, in qualitative agreement with reported experiments. The methodology gives a simple framework for understanding the mechanisms for jet and sheet bending.
proposed a novel method for deflecting the trajectory of liquid jets flowing through a nozzle. Traditional approaches to ink jet printing wait for the jet to break up into droplets, and then manipulate the trajectories of the droplets using external electric fields. 2 Chwalek et al. 1 introduced an elegant method in which the trajectory of the jet is deflected before it breaks up, by applying asymmetric heaters at the nozzle. Additionally they carry out numerical simulations of two-dimensional sheets subjected to a similar temperature distribution to demonstrate how the deflection angle depends on fluid properties and flow velocity. The simulations demonstrate that the flow rate, the variation of viscosity and surface tension with temperature, and the pinning characteristics of the contact line are the central players in determining the magnitude of the jet deflection.
Here we present a simple mechanical model for the deflection of jets and sheets. The calculation is based on the idea [3] [4] [5] that the mechanics of bending of the centerline of a fluid jet/sheet has the same form as the bending of an elastic rod, except for the form of the stress tensor. This analogy has been previously exploited for understanding the coiling of a viscous jet, 5 and the initial stages of electrospinning. 6 Our model applies to both the deflection of a twodimensional sheet and a three-dimensional jet, to make contact with both the simulations and experiments of Ref. 1. If r(z) denotes the location of the centerline of the jet ͑sheet͒ a distance z from the nozzle, then the equation of motion of the centerline is
where mϭh 2 (h) for jets ͑sheets͒. Here is the fluid density, h is the radius of the jet ͑thickness of the sheet͒, T is the tension, K is the external body force per unit length, M is the bending moment, and N is the external body couple. These equations are exactly the equations governing the dynamics of an elastic rod. 7 The difference will be in how the quantities M, N, K depend on the configuration and the external forcing. In what follows we assume that the crosssection has a constant radius ͑thickness͒, neglecting the thinning away from the nozzle. This is an accurate approximation as long as the length scale of the thinning is much larger than that of the bending. We will see in the following that this is asymptotically consistent in the limit of Ref. 1. We begin by computing the forces and moments M, N, K: First, as argued by Mahadevan, 5 in a fluid jet ͑sheet͒ the bending moment M arises from viscous stresses. If R is the radius of curvature of the centerline, then
͑3͒
Here is the fluid viscosity, and C M ϭ3/4h 4 for a jet (C M ϭh 3 /3 for a sheet͒. Note that this formula also works if the viscosity is temperature dependent. If we parametrize the deflection of the jet by r(z)ϭx(z)x , then R Ϫ1 ϭx zz /(1 ϩx z 2 )
3/2 . The body force K and body couple N require knowledge of the fluid stresses. The force K arises from the bending of the centerline by surface tension. To compute this for a jet we need to set up a coordinate system. Let denote the direction which is parallel to the radius of curvature, and ŷ denote the direction perpendicular to this. Then the force points inwards with a magnitude ␥( cos()ϩŷ sin()), where is the angle relative to the axis. There is a net force on the jet because a segment of rest length ds has more surface area further from the center of curvature. A calculation gives the net force
Here we purposely let both h and ␥ depend on , to indicate the possible dependence of surface tension. However, in what follows we assume ␥ is independent of , so that KϭC K ␥h/R, with C K ϭ. A similar argument for bending the centerline of a sheet gives the same formula with C K ϭ1. 8 Similarly, the local couple follows from integrating the torque exerted from surface forces around the circumference of the jet. For a jet, per unit arclength, the torque is
where t is the tangential stress. For a sheet, the couple is Nϭh( t ϩ Ϫ t Ϫ )/2, where t Ϯ is the tangential stress on the top ͑bottom͒ of the sheet.
To compute the local couple we need to understand the tangential stresses. In the experiment of Chawlek et al., 1 these occur because the asymmetric heaters at the nozzle cause temperature gradients. We will see in the following that the bending of the jet arises from the gradients along the centerline of the jet. In steady state, if U is the flow velocity a distance z from the nozzle, the temperature distribution obeys
where D is the temperature diffusion constant, and u are the flows in the x -y plane perpendicular to the flow direction.
The boundary condition at the surface of the sheet ͑with normal direction n͒ is Newton's law of cooling: n""T ϭϪ (H/D) (TϪT air ), where T air is the temperature of the air and H is the heat transfer coefficient. Here we will define our temperature scale so that T air ϭ0.
For the sheet case, there are no in plane flows u and Eq. ͑6͒ can be solved by expanding T(x,z)ϭ ͚a n (z)sin( n x). The coefficients a n (z) then obey da n /dz ϭϪ n 2 (D/U) a n , where the n ϭc n /h are determined by the boundary condition to be the smallest zero of Hh/D tan(c n /2)ϩc n ϭ0. This implies
where the a n 0 are determined by the heater distribution at the nozzle.
For the jet problem, we must consider the induced velocity field u. If ⌬␥ is the typical change in surface tension 4 . Hence, for the jet problem the thermal transport is largely dominated by the in plane flow. 9 The magnitude of the in plane flow uϳ⌬␥/ ϳd␥/dT ‫ץ‬ T/ϭ␣‫ץ‬ T/, where ‫ץ‬ T is the temperature gradient at the surface of the jet. The flow that is produced is well known to be an efficient chaotic mixer; 10 hence there is an effective temperature diffusion constant DϳDϩh⌬␥/ ϭDϩh␣‫ץ‬ T/. When Peӷ1 the nonlinear diffusion dominates and the temperature decays as Tϳ1/z. Far from the nozzle, PeӶ1 so that the normal diffusion dominates, and Tϳexp(Ϫc n 2 D/(h 2 U)z), as for the sheet problem. The transition between these two regimes occurs when Peϳ1 or z ϭz*Ϸ(⌬␥h 2 )/(D). Given the temperature field for the sheet and for the jet problem, we now can compute the local couple N and thus compute how much the jet bends. The Marangoni stress is given by t ϭd␥/dzϭ␣dT/dz. For the sheet Eqs. ͑7͒ and ͑5͒ imply
Note that only the dipolar part of the temperature distribution contributes to the local couple.
The results can now be combined through Eqs. ͑1͒ and ͑2͒ to compute the steady state shape of the centerline of a sheet or jet. Since we are looking for steady state solutions, in Eq. ͑1͒ we replace ‫ץ‬ t →U‫ץ‬ s ϭU/ͱ1ϩx z 2 ‫ץ‬ z , and thereby arrive at the following equation for x(z) for a sheet:
where ␤ϭc 1 2 D/(Uh 2 ) and Aϭa 1 0 ␣. The equation can be nondimensionalized by rescaling all length scales by h, the nozzle radius, and rescaling velocities by ͱ␥/(h). This
where CaϭU/␥, WeϭU 2 h/␥, and ⌬␥ϭA is the change in surface tension induced by the temperature gradient. To find the shape of the jet sheet, we need to solve Eq. ͑10͒ for x(z), subject to the boundary conditions x(0)ϭxЈ(0)ϭ0 and that xЉ(z→ϱ)ϭxٞ(z→ϱ)ϭxٞЈ(z→ϱ)→0. By linearizing around xϭ␣z as z→ϱ, one can show that when We Ͼ1, the decay of the curvature of the centerline at infinity corresponds to two conditions on the solution; hence we need to specify an additional boundary condition at the nozzle to uniquely specify a solution. In what follows we choose xЉ(0)ϭ0 ͑vanishing moment͒.
If we neglect viscous effects and assume that the slopes are small (͉xЈ͉Ӷ1), Eq. ͑10͒ can be integrated exactly for the asymptotic slope ␣ ͑␣ is measured from the vertical axis͒. We find that for a sheet
. ͑11͒
This formula predicts that the deflection angle diverges when the Weber number is close to unity. This divergence occurs because near Weϳ1 the wave speed of disturbances along the sheet has the same velocity as the flow speed; therefore a local couple applied at this point has the potential to produce significant bending of the sheet. At large We, the analysis predicts
These observations are qualitatively consistent with the numerical simulations of Chwalek et al., who also observe that the maximum deflection occurs near Weϭ1; the deflection angle decays at large Weber number, at a slightly slower rate than this asymptotic law suggests.
Repeating the same analysis for the deflection of a jet we find that
where C is an O(1) constant. Typical numbers 1 have z*/h ϭ10 3 so the first term is exponentially small and negligible.
The analysis therefore predicts that angle of deflection for a jet is substantially greater than that for a sheet. Finally, we present numerical solutions to Eq. ͑10͒ when WeϾ1. We solved Eq. ͑10͒ with the aforementioned boundary conditions with parameters chosen to match those of Chwalek et , a faster decay with We than observed in numerical simulations. Another apparent discrepancy is that whereas Chwalek et al. observe that the deflection angle saturates with increasing temperature of the heater, the present analysis predicts a linear increase. Though the reasons for these discrepancies are unclear, we note that the model presented here neglects several physical effects that are included by Chwalek et al., including ͑i͒ the thinning of the sheet; ͑ii͒ the dependence of viscosity on temperature; ͑iii͒ the local contact angle condition at the nozzle. The present model could be straightforwardly extended to include all of these effects. For example, enforcing the contact angle condition on an asymmetrically heated nozzle results in a variation of the contact angle along the circumference of the sheet. The resulting noncircular distortion of the jet crosssection relaxes as it advects away from the nozzle. This modifies both the force and the torque on the centerline of the jet.
In conclusion, we have presented a simple model for the mechanics of thermal bending of liquid sheets and jets, which qualitatively agrees with experiments and numerical simulations of Chwalek et al. The model provides a framework for conceptualizing, calculating, and optimizing the thermal bending. 
